Abstract-The time-delay signature and the chaos bandwidth in three-cascaded vertical-cavity surface-emitting lasers have been investigated experimentally. A peak value of autocorrelation coefficient at the feedback round trip time and the ratio between this peak value and its background are used to quantitatively identify the time-delay (TD) signature of chaos. A new concept-peak to side-peak ratio is introduced for better quantification of the TD signature concealment. The peak to side-peak ratio is defined as the ratio between the peak value of autocorrelation coefficient at the TD and the peak value at a delay time other than the TD and zero delay time. Three injection cases, namely, small bandwidth, intermediate bandwidth, and wide bandwidth of the injecting chaos signals, have been used to study the effect of the bandwidth of the injecting chaos on the TD concealment. The experimental results show that the time-delay signature can be totally concealed in the slave laser subject to the intermediate bandwidth of chaotic optical injection over a wide frequency detuning range.
about physics and applications of laser diode chaos, there are two types of chaotic system in semiconductor lasers [18] . In one type of chaotic system, chaos can be generated without applying additional force or parameter modulation. A typical example is the chaos from a solitary quantum-dot verticalcavity surface-emitting laser (VCSEL) [19] . The physical mechanism behind this polarization chaos in the free running VCSEL is the nonlinear coupling between two elliptically polarized modes. The chaos generated under this mechanism has low bandwidth and low dimension. However, such a chaos with low bandwidth and low dimension can also be employed to generate high bit rate (>100Gb/s) random bits due to its distinct polarization dynamics properties which result in the growth of dynamical entropy [20] . Another type of chaotic system is that chaos generated in semiconductor laser by adding disturbance, such as, feedback [1] [2] [3] [4] [5] , modulation [21] or optical injection [14] . Optical feedback is the most common method to obtain chaos. For the applications of chaos generated by optical feedback, there are two important parameters -chaos bandwidth and time delay (TD) signature. A broad bandwidth without TD signature is preferred for most application. Narrow chaos bandwidths will limit message transmission rates in chaos-based communication, the bit rate of random number generation and the range resolution in optical time-domain reflectometry and chaotic lidar [10] , [14] . The TD signature of chaos is a recurrence feature induced by the optical round trip in the external cavity. The TD signature may provide the opportunity for an eavesdropper to extract a key parameter, which may compromise the security of chaotic optical communications. The TD signature reduces the randomness of the chaotic optical signal and affects the symmetrical distribution of random bits. The TD signature may also cause a range of unambiguous detections in optical time-domain reflectometry and chaotic lidar.
Several studies have considered either the bandwidth enhancement [22] [23] [24] [25] [26] or the TD signature suppression [27] [28] [29] [30] [31] [32] . There are few reports which try to optimize both the bandwidth enhancement and TD signature suppression [33] [34] [35] , however, the TD signature has not been totally concealed. Time delay concealment and bandwidth enhancement of chaos have only been achieved using three DFB lasers [36] . A recent numerical simulation result predicted that wideband chaos with TD concealment, over a wider parameters regime, can be achieved using three-cascaded VCSELs [37] . However, to the best of our knowledge, no experimental work has been undertaken to study both the time delay signature and bandwidth of chaos in three-cascaded VCSELs. Moreover, previous works [36] , [37] did not investigate the effect of the bandwidth of the injecting chaos on the TD signature.
In this work, we have experimentally examined the TD signature and the bandwidth of chaos in three-cascade VCSELs system. Due to the limitations of the detection of the polarization-resolved outputs in our all-fiber setup, the experimental study has been focused on the effect of the injecting beam bandwidth on the TD signature and the chaos bandwidth of the total power of the slave laser. Three cases of the chaotic optical injection -small bandwidth, intermediate bandwidth and high bandwidth of the injecting signal, have been studied. The small, intermediate and higher bandwidths are related to the minimum conventional bandwidth of the injecting chaotic signal. The conventional bandwidth is defined as the frequency difference between DC and the frequency which contains 80% of the power [23] [24] [25] . In order to classify the different behaviours observed experimentally, small, intermediate and high bandwidth of injecting chaos are defined as: when the conventional bandwidth of the injecting chaos is less than 1.2 times the minimum conventional bandwidth, we refer it as the small bandwidth; when the conventional bandwidth of the injecting chaos is more than 2.1 times the minimum conventional bandwidth, we consider it as the high bandwidth; in between, it is noted as the intermediate bandwidth.
The remainder of this paper is organized as follows. The experimental setup and the operation parameters are described in Section II, followed by the TD signature analysis methods in Section III. The experimental results and discussion for two VCSELs system and three-cascaded VCSELs system are in section IV. Finally, in section V, conclusions are drawn based on the results obtained.
II. EXPERIMENTAL SETUP
The all-fiber experimental setup is shown in Fig. 1 . Three commercial VCSELs with lasing wavelength of approximately 1550 nm (RayCan fibre pigtailed VCSEL) were used as master laser (ML), intermediate laser (IL) and slave laser (SL). These VCSELs were driven by ultra-low noise current sources and were temperature controlled to an accuracy of 0.01°C. The threshold currents of the ML, IL and SL were 1.7mA, 1.75 mA and 1.7 mA, respectively and a polarization switch occurred at bias currents of 7.1 mA, 5.75 mA and 4.49 mA for the ML, IL and SL, respectively. Optical isolator 1 and 2 (ISO1 and ISO2) were used to ensure unidirectional coupling from the ML to the IL and from the IL to the SL, respectively. The ML was subject to optical feedback and was rendered chaotic. Polarization controller (PC1) in the feedback loop was used to control the feedback polarization to achieve maximum chaotic bandwidth in the ML. A fraction of the chaotic ML output was injected into the IL via ISO1 and a polarization controller (PC2). PC2 was used to control the polarization of the optical injection beam to obtain complex chaos in the IL. The SL was subject to optical injection from the chaotic IL and entered chaotic dynamics.
In this paper, the feedback ratio is defined as the ratio of the optical feedback power and the ML's free-running output power. The optical feedback power is measured just before it is fed back into the ML. The injection power is measured just before the beams are injected into the IL or SL and the injection ratio is defined as the ratio of the injection power and the output power of the stand-alone IL or SL. The frequency detuning between the ML and IL ( f 1 ) is defined as the frequency difference between the free-running frequency of the ML and the free-running frequency of the IL. The frequency detuning between the IL and SL ( f 2 ) is defined as the frequency difference between the free-running frequency of the IL and the free-running frequency of the SL. The detunings of f 1 and f 2 are achieved by changing the temperature of the ML and the SL, respectively. The output of the VCSEL was detected by 12 GHz bandwidth photo-detectors (New Focus 1554-B) and recorded using a 30GHz bandwidth RF spectrum analyzer (Anritsu MS2667C) and 4GHz bandwidth oscilloscope (Tektronix TDS7404). The sampling rate of the oscilloscope is set at 10 GS/s and 200000 samples are recorded for each time trace, therefore the duration of each time trace is 20 μs.
In order to operate the VCSELs well below polarization switching current, also to match the wavelengths of these three VCSELs, the bias currents of the ML, IL and SL were fixed at 3.5mA, 3.3 mA and 2.34 mA, respectively. At these bias currents, the VCSELs operated in single mode regimes. The maximum feedback ratio of the ML was used in the experiment with a value of −9.5 dB. The maximum injection ratios of the IL and SL were also applied with the values of −9.0 dB and −4.0 dB, respectively. The effect of the feedback ration and injection power on the TD signature and the bandwidth of chaos were not investigated because of the lower output power of VCSELs. The feedback round trip time of the ML was about 76.2 ns. The flight time from the ML to the IL and the IL to the SL were about 81.3 ns and 76.2 ns, respectively.
III. TIME DELAY SIGNATURE ANALYSIS METHODS
The common methods to quantify the TD signature are autocorrelation function (ACF), delayed mutual information and permutation entropy [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . For the time being, most of the studies on the TD signature analyze the intensity time series, whereas a few reports investigate the phase time series [37] , [40] . The investigation of phase time series will be very interesting though it is out of scope of this paper. And we used the (ACF) to identify the TD signature. The autocorrelation coefficient is labelled as C and is defined as follows
where t is the delay time, I (t) is the output intensity of the VCSEL, < · > denotes time average. The peak value (C P ) of autocorrelation coefficient at the feedback round trip time is commonly used to quantify the TD signature. The peak value at the feedback round trip time can be expressed as:
where τ d is the feedback round trip time. The measured TD peak value may not be located exactly at τ d . If the measured peak value is located in the interval
; this peak value is considered as the peak value at TD. According to the experimental data, 2% is selected as the value of r 1 . Some reports use the peak signal to mean ratio (R c ) to quantify the TD signature [38] . In this paper, R c is slightly extended for a better indication of the peak value to the background ratio. Here R c is defined as the ratio between C p and the averaged absolute autocorrelation coefficient over the
around the feedback round trip time delay time, but the interval v 1 (τ d ) is not included. 5% is selected as the value of r 2 :
If there is more than one peak in the ACF curve and the peak at the other delay time is higher than the peak at the time delay, the TD signature would be difficult to identify, which provides better security for chaotic optical communications. Here we introduce a new parameter, the peak to side-peak ratio, to identify the TD signature. The peak to side-peak ratio (R pp ) is defined as the ratio of C P and the peak value at a delay time t other than the feedback round trip time and the zero delay time:
If R PP 1, the peak at TD is equal to or lower than the peak at the other delay time. In this case, the TD signature has been disguised.
IV. EXPERIMENTAL RESULTS AND DISCUSSION
Both autocorrelation coefficient and permutation entropy (PE) [41] have been calculated to quantify the TD signature. The definition and parameters selected for PE can be found in [31] , where the embedding dimension M is set as 4. Fig. 2 shows the time traces, autocorrelation coefficient curves, permutation entropy curves and the radiofrequency (RF) power spectra of chaos generated in the ML, IL and SL. The top, middle and bottom rows are for the ML, IL and SL, respectively. The first, second, third and fourth columns are for the time traces, the autocorrelation coefficient curves, permutation entropy curves and the RF power spectra, respectively. The frequency detunings are f 1 = −3.7 GHz and f 2 = 8.3 GHz. Fig. 2 (b1) shows a clear TD signature at 76.2ns. After optical injection, the TD signature in the IL has been significantly reduced, as shown in Fig. 2(b2) , however, the TD signature can still be identified at the delay time of 76.2ns. When the chaos with the suppressed TD signature is injected into the SL, the TD signature is further reduced. In Fig. 2(b3) , the TD signature is totally blended into the noise, the TD signature has been completed concealed. Fig. 2 (c1) also shows a clear TD signature at 76.2ns and its integer fractions, however, the TD signature is been difficult to identify in Fig. 2(c2) , indicating that the permutation entropy calculated by the parameters we selected is less sensitive than the ACF in identifying the TD. In the following, only the data extracted from the ACF are used to quantify the TD signature. The RF power spectra of the chaotic signal with the same injection parameters are also examined and shown in the fourth column of Fig. 2 . For all the RF power spectra shown in this paper, the noise has been removed. Fig. 2(d1) is a typical chaotic spectrum induced by optical feedback. The peak at about 1.6 GHz in the spectrum is related to the laser relaxation oscillation frequency. From the power spectrum of the IL in Fig. 2(d2) , it is clearly discernible that the power in the higher frequencies components increases compared with that of the ML, i.e. the bandwidth of chaos is increased. For Fig. 2(d3) , the chaotic bandwidth is further increased. These results clearly demonstrate that three-cascaded VCSELs system can achieve broad bandwidth chaos with total concealment of the TD signature.
Although the emphasis of this manuscript is TD signature, chaos bandwidth is also calculated in the following results because it is an important parameter for chaos applications. Two methods have been used to evaluate chaos bandwidth. One is the conventional method, which has been defined above. Another method is the effective bandwidth, which sums up only those discrete spectral segments of the chaos power spectrum accounting for 80% of the total power [42] .
A. Two VCSELs System
For comparison purposes, the TD signature and the bandwidth of chaos in a two VCSELs system have been measured. Fig. 3 shows the chaos bandwidth and the TD signature of the IL as a function of the frequency detuning f 1 . The conventional and effective bandwidths of the chaotic signal in the ML are about 2.4 GHz and 2.3 GHz, respectively. Fig. 3(a) shows that both the conventional bandwidth and effective bandwidth of the chaotic signal in the IL increases significantly outside zero frequency detuning, which is similar to that in [34] . The minimum conventional and effective bandwidths are 2.4 GHz and 2.0 GHz, respectively. The effective bandwidths are slightly smaller than the conventional bandwidths. Also the effective bandwidth starts to drop for larger negative frequency detuning. Fig. 3(b) plots the peak value C p of the autocorrelation coefficient at the feedback round trip time. For comparison, the C p values of the ML are also calculated and displayed in Fig. 3(b) . The result shows that C p value of the IL is greatly suppressed in comparison with those of the ML. This TD signature suppression can be attributed to the chaos-pass filter effect [34] . A small difference between these results and those in [34] is that the suppression of the TD signature near zero frequency detuning is less. This may be caused by higher injection ratio, where the IL is locked by the ML. The peak value to the background ratio R c has been calculated and shown in Fig.3(c) , the trend is similar to Fig. 3(b) , the suppression of TD signature is less near zero frequency detuning and large positive frequency detuning. Fig. 3(d) displays the peak to side-peak ratio R pp of chaotic signal from the IL. The results show that the values of R pp are higher than 1 for most of the frequency detuning, so the TD signature is not concealed.
B. Three-Cascaded VCSELs System
In a three-cascaded VCSELs system, the SL was operated in chaotic dynamics regime due to optical injection from the chaotic IL. The effect of the bandwidth and TD signature of the injecting chaos on the TD suppression and the bandwidth enhancement of the SL has been investigated. There are three cases: 1) the injecting chaos has a narrow bandwidth and slightly higher TD signature chaos; 2) the injecting chaos has intermediate bandwidth and low TD signature and 3) the injecting chaos has broad bandwidth and low TD signature.
1) Case I -Narrow Bandwidth and Slightly Higher TD Signature of the Injecting Chaos: In this case, the conventional chaos bandwidth from the IL is about 2.4 GHz, which is very close to the minimum bandwidth, as shown at point A in Fig. 3(a) . Fig. 4(a) shows the power spectrum of the injecting chaotic signal. This power spectrum of the injecting chaotic signal is almost the same to that of the ML. But the TD signature of this chaos is much lower than that of the ML, as shown in Fig. 3(b) . Fig. 4(b) shows both the conventional and effective chaos bandwidths of the SL as a function of the frequency detuning f 2 . The results are similar to those of the two VCSELs system. The minimum bandwidth of the chaotic signal from the SL is around zero frequency. Also the effective chaos bandwidth starts to saturate for higher absolute frequency detunings f 2 . Figs. 4(c), (d) and (e) are for the C p , the R c , and the R pp , respectively. It is obvious that the TD signature corresponding to the IL varies with the frequency detuning despite that the IL has the same operating parameters over these frequency detunings. This is because the TD signature of the chaotic signal is a statistical result, there is always some fluctuation. It should be stated that the time traces of the IL and SL are recorded simultaneously in the following experimental results. In Fig. 4(c) , the peak values C p of the SL around zero frequency detuning and large frequency detuning are comparable to those of the IL. The peak to background ratios (R c ) of the SL have the same trend as C p , as shown in Fig. 4(d) . To know if the TD signature has been totally concealed, the peak to side-peak ratios (R pp ) have been calculated, as shown in Fig. 4(e) . It shows that the values of the R pp of the IL during the operation period are all above 1, so the TD signature of the IL can be identified from the autocorrelation coefficient curve. The TD signatures of the SL are suppressed for most of the frequency detuning, however, R pp is still higher than 1 for significant frequency detuning regimes. So using narrow bandwidth optical injection in threecascaded VCSELs does not shown much advantage in the TD signature concealment compared to the two laser system.
2) Case II -Intermediate Bandwidth and Low TD Signature of the Injecting Chaos:
When the IL operates at point B in Fig. 3(a) and (d), its conventional bandwidth has increased to about 3.4 GHz, which is approximately 1.4 times the minimum bandwidth. The power spectrum of the IL is shown in Fig. 2(d2) . The TD signature and bandwidth of the SL subject to optical injection from the IL are shown in Fig. 5 . For the conventional bandwidth, the trend of the bandwidth variation is similar to that of the IL, as shown in Fig. 5(a) . However, for the effective bandwidth, the chaos bandwidth starts to saturate when the frequency detuning is less than -6.1 GHz. The saturated effective bandwidth is about 6 GHz, which is lower than the one for SL subject to narrow bandwidth optical injection. Figs. 5(b), (c) and (d) are for the C p , the R c , and the R pp , respectively. In Fig. 5(b) , the peak values C p of the SL at large frequency detunings are comparable to those of the IL. However, the peak to background ratios (R c ) of the SL have decreased in the whole frequency detuning range, as shown in Fig. 5(c) . As shown in Fig. 5(d) , the TD signature of the IL is relative low; their peak to side-peak ratios are just above 1, which is the threshold of concealment. With the injection of this lower TD signature chaos into the SL, as expected, the TD signature is suppressed further in the SL. In the whole frequency detuning range, the R pp of the SL are smaller than 1, which means that it will be difficult for an eavesdropper to identify which peak is the TD signature in the chaotic optical communication, therefore the TD signature has been totally concealed. Fig. 5 demonstrates that bandwidth enhanced chaos with total TD concealment has been obtained at high frequency detuning.
The above results show that the intermediate bandwidth optical injection has better performance in the TD signature concealments compared to the narrow bandwidth chaotic optical injection. As described in [36] , the TD concealment may be attributed to the interaction of optical injection and the relaxation oscillation of lasers. For chaotic optical injection, it can be considered as optical injection from many frequency components. The intermediate bandwidth optical injection has more frequency components compared to the narrow bandwidth optical injection, so the TD concealment is better.
3) Case III -Broad Bandwidth and Low TD Signature of the Injecting Chaos:
In the third case, the SL is subject to optical injection from a relative higher bandwidth and lower TD signature chaos. The conventional bandwidth of chaos generated in the IL is about 5.3 GHz, as shown in point C in Fig. 3(a) and (d) . Fig. 6(a) shows the power spectrum of the injecting chaotic signal. The power spectrum is reasonably flat except the lower frequencies. Fig. 6(b) shows both the conventional and effective bandwidth of the chaotic signal from the SL as a function of the frequency detuning f 2 . The conventional chaos bandwidth of the SL has the same minimum conventional bandwidth at around zero frequency detuning with a value of about 2.4 GHz, however, the minimum effective chaos bandwidth has quite lower value of about 0.9 GHz, which means that most of the power is concentrated in a few frequency components. It is noted that the conventional chaotic bandwidth abruptly increases at frequency detuning of −3.2 GHz in Fig. 6(b) . Also the effective bandwidth of the chaos is much lower than those conventional bandwidth of chaos. The reason for these phenomena will be discussed in the next paragraph in conjunction with Fig. 7 . Fig. 6(c), (d) and (e) show the C p , R c and R pp as functions of the frequency detuning f 2 , respectively. From Fig. 6(c) , we can see that the SL and IL have the same peak values of autocorrelation coefficient at the TD for most frequency detuning range, except for the frequency detuning around −4.5 GHz regime. For the frequency detuning around −4.5 GHz, the C p values of the SL are higher than those of the IL. This phenomenon will be explained later. However, the R c values of the SL are comparable to those of the IL, and R pp values of the SL are lower than those of the IL, as shown in Fig. 6(c) and (d) . From the TD signature concealment point of view, the SL conceals the TD signature better than the IL. Also R pp are lower than 1 for all the frequency detuning except for f 2 = 5.0 GHz.
To better understand why the conventional bandwidth increases abruptly at the frequency detuning of −3.2 GHz and the effective bandwidth of the chaos is much lower than the conventional bandwidth of chaos, the RF power spectra of the SL at different detuning frequencies have been examined and plotted in Fig. 7 . We can see that the RF power spectra are very uneven. For the frequency detuning of zero and small negative frequency detuning, the RF power spectra have a single narrow peak. For most of the other frequency detunings, the power spectra of the SL have two peaks, which are similar to the experimental result for DFB laser [36] . The peaks at the lower and higher frequencies are considered to be the relaxation oscillation frequency and the beat frequency between the IL and SL, respectively. From the definition of the conventional chaos bandwidth, the chaos bandwidth is slightly higher than the peak frequency for single peak spectra, however, for double peaks spectra, the peak at the lower frequency does not contain 80% of the total power, the bandwidth will be around the second peak frequency. So, the abrupt increase of the chaotic bandwidth at the frequency detuning of −3.2 GHz is attributed to the conversion of the single peak of the chaos spectrum to double peaks spectrum. From the definition of the effective chaos bandwidth, the 80% of the total power is distributed in one peak or two narrow peaks, so the effective bandwidth in case III is much lower than the conventional bandwidth. It is also noted that in the case of single peak spectrum, the peak frequency is higher than the relaxation oscillation frequency. The reason is still unknown. A more detailed study on this aspect will be conducted in the future.
The reason for the C p values of the SL being higher than those of the IL at frequency detuning around −4.5 GHz has also been investigated. The power spectrum at the Fig. 8 . The autocorrelation coefficient curve and time series of the SL at the frequency detuning of −4.5 GHz. The inset in Fig. 8(b) is the time series in a shorter time interval. frequency detuning of −4.5 GHz is similar to that at frequency detuning of −3.2 GHz, as shown in Fig. 7 . Most power of the chaotic signal is contained around the frequencies of 1 GHz and 5.5 GHz. The autocorrelation coefficient curve and time series of the SL at this frequency detuning are shown in Fig. 8 . The autocorrelation coefficient in Fig. 8(a) shows that the TD signature is not significant compared to the background, however the absolute value of C p is quite high. All autocorrelation coefficients are large within 120ns delay time, which means that the chaos is not complex. Fig. 8(b) shows the time series of the SL. The inset is the time series in a shorter time interval. The result shows that two dynamics coexist at this frequency detuning. One dynamic has higher amplitude and another one with lower amplitude, which also confirms that the chaos is not very complex. This kind of chaos is not suitable for the applications mentioned in the introduction. The reason for low complexity chaos generation with the high bandwidth chaos injection can be attributed to the lower power density of the injecting beam.
It is also worth pointing out that R pp is only suitable to identify the TD signature with the flat autocorrelation coefficient curve. If the autocorrelation coefficient curve is not flat, as in Fig 8(a) , it could be possible to have a clear TD signature peak, but R pp < 1.
Both similarities and differences can be found by comparing our experimental results with the results in a cascade-coupled DFB lasers system [36] and the numerical simulation results of polarization-resolved chaos in three-cascaded VCSELs [37] . The two-peak structure in the power spectrum of the SL in our experimental result is similar to the experimental result in the DFB system. The experimental results also indicate that the TD signature in the SL has been further suppressed for most of the frequency detuning range in the three cascaded lasers system for all three optical injection cases. Especially for case II (the injecting chaos has medium bandwidth and low TD signature), where the bandwidth enhanced chaos with total TD signature concealment has been achieved over a wider frequency detuning. In [37] , the evolutions of TD signature and chaos bandwidth of X-and Y-polarization are very similar, so we expect similar behavior in the total power. Our experimental results confirm that the TD signature can be totally concealed over a wide frequency detuning regime, which is similar to the prediction for the polarization-resolved output of the SL [37] .
V. CONCLUSION
The bandwidth and time-delay signature of chaos generated in three-cascaded VCSELs have been experimentally studied. Three cases of chaotic optical injection have been investigated. In the first case, the injecting chaos has low bandwidth of the chaotic injecting signal and intermediate TD signature. The bandwidth of the chaotic SL as a function of the frequency detuning is similar to that of two lasers system. Also the TD signature cannot be totally concealed for some frequency detuning. For the second case of optical injection, the injecting chaos has an intermediate bandwidth and lower TD signature. The maximum effective bandwidth of the SL is smaller than that for the first case, however, the TD signature of the chaotic signal from the SL can be totally concealed over wide frequency detuning regime, which is similar to the numerical simulation for the polarization-resolved VCSELs output [37] . For the third case of optical injection, the injecting chaos has a high bandwidth and relatively low TD signature. Although the peak to side-peak ratios have decreased to less than 1 for most of the frequency detuning regime, the effective bandwidth have been reduced significantly. The chaos generated by broad bandwidth chaos injection is not very complex for some frequency detuning, which is not suitable for the applications of chaos. He has authored over 100 archival journal publications and nearly 200 conference papers. He has also been either the Principal Investigator or Co-Investigator on numerous EU and national research grants. His main research interests include dynamics of semiconductor lasers and amplifiers and optical pulse propagation, through optoelectronic devices. Recent work has focused on the theoretical modeling of complex nonlinear dynamical systems and in particular on the control and use of chaotic waveforms. 
